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$(u_{t}+6uu_{x}+u_{xxx})_{x}+3su_{yy}=0$, $s=\pm 1$ , (1)
[1] . $s=-1$ (KP I) line soliton
$(s=1)$ (KP II) KP II line soliton
Miles [2]. KP I line soliton
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1: line soliton
[5-8]. $p=\pm 1$ . $p=1$ (2) DS I, $p=-1$ (2)
DS II DSI DSI KPI
hne-soliton
line soliton ( )
[9-17].
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2 DS I quasi-line soliton
$(\alpha+i\beta, \gamma+i\delta)$ DS I
[18].
$u=u_{0}e^{i(\zeta+\phi_{r})} \frac{\cosh(\xi+i\phi_{r})+\frac{1}{\sqrt{M}}\cos(\eta+i\phi_{i})}{\cosh\xi+\frac{1}{\sqrt{M}}\cos\eta}$ , (3)
$v=-2 \frac{\alpha^{2}-\frac{\beta^{2}}{M}+\frac{\alpha^{2}-\beta^{2}}{\sqrt{M}}\cosh\xi\cos\eta+\frac{2\alpha\beta}{\sqrt{M}}\sinh\xi\sin\eta}{(\cosh\xi+\frac{1}{\sqrt{M}}\cos\eta)^{2}}$, (4)
$\zeta=kx+ly-\omega t+\zeta_{0}$ , $\xi=\alpha x+\gamma y-\Omega_{r}t+\xi^{0}$ ,
$\eta=\beta x+\delta y-\Omega_{i}t+\eta^{0}$ , $\omega=k^{2}+l^{2}-ru_{0}^{2}$ ,
$\sin^{2}\frac{\phi}{2}=\frac{(\alpha+i\beta)^{2}-(\gamma+i\delta)^{2}}{2ru_{0}^{2}}$ , (5)
$\Omega_{r}+i\Omega_{i}=2k(\alpha+i\beta)+2l(\gamma+i\delta)-\{(\alpha+i\beta)^{2}+(\gamma+i\delta)^{2}\}\cot\frac{\phi}{2}$, (6)





$M= \frac{\cosh\phi_{i}-\cos 2\theta_{i}}{\cos\phi_{r}-\cos 2\theta_{i}}$ . (9)
$0<\phi_{r}<2\pi$ $M>1$
$\{\begin{array}{ll}n\pi+\frac{\phi_{r}}{2}<\theta_{i}<(n+1)\pi-\frac{\phi_{r}}{2} for 0<\phi_{r}<\pi,n’\pi-\frac{\phi_{r}}{2}<\theta_{i}<(n’-1)\pi+\frac{\phi_{r}}{2} for \pi<\phi_{r}<2\pi,\end{array}$ (10)
$(n, n’=0, \pm 1, \pm 2, \cdots)$





3: $M$ line soliton (a) $M=1.82;(b)M=10.15;(c)$
$M=106.1$ .
$(2\alpha, 2\gamma)$ , $2\phi_{r}$ , $2\Omega_{r}$ line soliton
(3) (4)
$u=u0e^{i\zeta} \frac{1+e^{\xi_{L}+i\phi_{L}}}{1+e^{\xi_{L}}}$, $v=- \frac{(2\alpha)^{2}}{2}sech^{2}\frac{1}{2}\xi_{L}$ , (13)
[19]. $\xi_{L}=(2\alpha)x+(2\gamma)y-\Omega_{L}t+2\xi^{0},$ $\phi_{L}=2\phi_{r}$ hne–sohton
hne-soliton
quasi-line soliton
3 $M$ $M$ 100
line soliton quasi-hne-soliton
$u=u_{0}e^{i(\zeta+\phi_{r})}[e^{i\phi_{r}\frac{\epsilon+\sigma}{|\xi+\sigma|}}+ \frac{2}{\sqrt{M}}e^{-|\xi+\sigma|}\{\cos(\eta+i\phi_{i})-e^{i\phi_{r}\frac{\xi+\sigma}{|\xi+\sigma|}}\cos\eta\}$




2 quasi-line solitons [19, 20]
3 2 quasi-line solitons
2 2-hne-sohton
DS
I 2 Satsuma Ablowitz [lS].
$u= \frac{g}{f}$ , $v=-2(\ln f)_{xx}$ , (15)
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$f$ $=$ $1+ \frac{M_{1}}{4}e^{2\xi_{1}}+\frac{M_{2}}{4}e^{2\xi_{2}}+\frac{M_{1}M_{2}L_{1}^{2}L_{2}^{2}}{16}e^{2(\xi_{1}+\xi_{2})}$
$+e^{\xi_{1}} \{\cos\eta_{1}+\frac{M_{2}L_{1}L_{2}}{4}e^{2\xi_{2}}\cos(\eta_{1}+\varphi_{1}+\varphi_{2})\}$
$+e^{\xi_{2}} \{\cos\eta_{2}+\frac{M_{1}L_{1}L_{2}}{4}e^{2\xi_{1}}\cos(\eta_{2}+\varphi_{1}-\varphi_{2})\}$
$+ \frac{1}{2}e^{\xi_{1}+\xi_{2}}\{L_{1}\cos(\eta_{1}+\eta_{2}+\varphi_{1})+L_{2}\cos(\eta_{1}-\eta_{2}+\varphi_{2})\}$ , (16)
$g$ $=$ $u_{0}e^{i\zeta}f(\xi_{1}+i\phi_{1r}, \xi_{2}+i\phi_{2r}, \eta_{1}+i\phi_{1i}, \eta_{2}+i\phi_{2i})$ , (17)
$\xi_{j}=\alpha_{j}x+\gamma_{j}y-\Omega_{jr}t+\xi_{j}^{0}$ , $\eta_{j}=\beta_{j}x+\delta_{j}y-\Omega_{ji}t+\eta_{j}^{0}$ ,
$\sin^{2}\frac{\phi_{jr}+i\phi_{ji}}{2}=\frac{(\alpha_{j}+i\beta_{j})^{2}-(\gamma_{j}+i\delta_{j})^{2}}{2ru_{0}^{2}}$ , (18)
$\Omega_{jr}+i\Omega_{ji}=2k(\alpha_{j}+i\beta_{j})+2l(\gamma_{j}+i\delta_{j})$
$- \{(\alpha_{j}+i\beta_{j})^{2}+(\gamma_{j}+i\delta_{j})^{2}\}\cot\frac{\phi_{jr}+i\phi_{ji}}{2}$ , $(j=1,2)$ . (19)
$(\alpha j+i\beta j, \gamma j+i\delta_{j})$ $\phi j$ $\theta_{j}$
$\alpha_{j}+i\beta_{j}=\sqrt{2ru_{0}^{2}}\sin\frac{\phi_{j}}{2}\cosh\theta_{j}$ , $\gamma j+i\delta_{j}=\sqrt{2ru_{0}^{2}}\sin\frac{\phi_{j}}{2}\sinh\theta_{j}$ , (20)
$M_{j}$ $L_{j}e^{i\varphi_{j}}$
$M_{j}= \frac{\cosh\phi_{ji}-\cos 2\theta_{ji}}{\cos\phi_{jr}-\cos 2\theta_{ji}}$ , (21)
$L_{1}e^{i\varphi_{1}}= \frac{\sin N_{1}\cdot\sin N_{2}}{\sin D_{1}\cdot\sin D_{2}}$ , (22)
$L_{2}e^{i\varphi_{2}}= \frac{\sin N_{3}\cdot\sin N_{4}}{\sin D_{3}\cdot\sin D_{4}}$ , (23)










$\Theta_{j}^{+}=\theta_{jr}+\frac{\phi_{ji}}{2}$ , $\Theta_{j}^{-}=\theta_{jr}-\frac{\phi_{ji}}{2}$ .













$(n_{1}, n_{2}, n_{3}, n_{4}=0, \pm 1, \pm 2, \cdots)$
(a) (b)
$L_{1}L_{2}$ $\infty$ (25) (26) $L_{1}L_{2}$ $0$
(27) (28)
quasi-hne
sohton 4 $\phi_{1r}$ $\phi_{2r}$
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$\phi_{1r}$ $\phi_{2r}$ $0$ $\pi/2$ $\phi_{1r}>\phi_{2r}$
2 Al, Bl, Cl, Dl, $\cdot\cdot\cdot$
2-line-soliton $2-quasi$-line solitons $r_{1}$ ,
$r_{2}$ , $s_{1},$ $s_{2}$ , $\cdot\cdot\cdot$
$A_{1},$ $C_{1}$ , $\cdot\cdot\cdot$ $r$ $s$
$L_{1}L_{2}$ 0/0 $L_{1}L_{2}$
$A_{1}$ quasi-line solitons $A_{1}$
$r_{3}$ $s_{2}$ $n_{2}=0$ (26a) $r_{3}$
$n_{3}=0$ (27a) $s_{2}$ 2
(26b) (27b)
$\Theta_{1}^{+}-\Theta_{2}^{+}=0$
$A_{1}$ $L_{1}^{2}L_{2}^{2}$ $\theta_{1i}=\phi_{1r}/2+\epsilon_{1}$ $\theta_{2i}=\phi_{2r}/2+\epsilon_{2}(O(\epsilon_{1})\sim O(\epsilon_{2})\sim$
$O(\epsilon))$ (22) (23)
$|\Theta_{1}^{+}-\Theta_{2}^{+}|\sim O(1)$ 1 $O(\epsilon)$ $\sin N_{2}\simeq\sin D_{4}$ ,
$\sin N_{3}\simeq\sin D_{1}$ $\sin N_{4}\simeq-\sin D_{2}^{*}$ $L_{1}^{2}L_{2}^{2}$ $|\sin N_{2}|^{2},$ $|\sin N_{3}|^{2}$
$|\sin N_{4}|^{2}$ $|\sin D_{4}|^{2}$ , $|\sin D_{1}|^{2}$ $|\sin D_{2}|^{2}$ $L_{1}^{2}L_{2}^{2}$ $\Theta_{1}^{+}$ $\Theta_{2}^{+}$
$L_{1}^{2}L_{2}^{2}$ $(\beta_{j},$ $\delta_{j}$
$\Theta_{\overline{j}}$
$\Theta_{j}^{+}$ $\phi_{jr}$ ), $L_{1}^{2}L_{2}^{2}$ [19],
$L_{1}^{2}L_{2}^{2}= \frac{\cos(\phi_{1r}-\phi_{2r})-\cosh(\Theta_{1}^{-}-\Theta_{2}^{-})}{\cos(\phi_{1r}+\phi_{2r})-\cosh(\Theta_{1}^{-}-\Theta_{2}^{-})}+O(\epsilon)$. (29)






$\tilde{\xi}_{Lj}=2\tilde{\xi}_{j}$ $L_{L}$ (29) $L_{1}^{2}L_{2}^{2}$ $(L_{L}=L_{1}^{2}L_{2}^{2})$ . 2
$A_{1}$ 2-line-soliton
4 2 quasi-line solitons
quasi-line soliton $O(\ln\sqrt{M})$ line soliton
$\Theta_{1}^{+}-\Theta_{2}^{+}=O(\epsilon)$ $A_{1}$
2 quasi-line solitons 2 line-solitons
2
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$\theta_{1i}=\frac{\phi_{1r}}{2}+\epsilon_{1}$ , $\theta_{2i}=\frac{\phi_{2r}}{2}+\epsilon_{2}$ , $\Theta_{1}^{+}-\Theta_{2}^{+}=\epsilon_{3}$, (31)
$0<\epsilon_{1}\ll 1,0<\epsilon_{2}\ll 1,$ $|\epsilon_{3}|\ll 1$ $O(\epsilon_{1})\sim O(\epsilon_{2})\sim O(\epsilon)$ . (31)
(22) (23) $L_{1}e^{i\varphi_{1}}$ $L_{2}e^{i\varphi_{2}}$
$L_{1}e^{i\varphi_{1}} \simeq-\frac{\sin[\frac{\phi_{1r}-\phi_{2r}}{2}-\frac{i}{2}(\Theta_{1}^{-}-\Theta_{2}^{-})](\frac{\epsilon_{1}-\epsilon_{2}-i\epsilon_{3}}{2})}{\sin(\frac{\phi_{1r}+i\phi_{1i}}{2})\sin(\frac{\phi_{2r}+i\phi_{2i}}{2})}$ , (32)
$L_{2}e^{i\varphi_{2}} \simeq\frac{\sin(\frac{\phi_{1r}+i\phi_{1i}}{2})\sin(\frac{\phi_{2r}-i\phi_{2i}}{2})}{\sin[\frac{\phi_{1r}+\phi_{2r}}{2}-\frac{i}{2}(\Theta_{1}^{-}-\Theta_{2}^{-})](\frac{\epsilon_{1}+\epsilon_{2}-i\epsilon_{3}}{2})}$ , (33)
$L_{1}^{2}L_{2}^{2}$ [19],
$L_{1}^{2}L_{2}^{2}= \frac{\cos(\phi_{1r}-\phi_{2r})-\cosh(\Theta_{1}^{-}-\Theta_{2}^{-})}{\cos(\phi_{1r}+\phi_{2r})-\cosh(\Theta_{1}^{-}-\Theta_{2}^{-})}$ . $\frac{(\epsilon_{1}-\epsilon_{2})^{2}+\epsilon_{3}^{2}}{(\epsilon_{1}+\epsilon_{2})^{2}+\epsilon_{3}^{2}}$. (34)
(29) $L_{L}$ $[(\epsilon_{1}-\epsilon_{2})^{2}+\epsilon_{3}^{2}]/[(\epsilon_{1}+\epsilon_{2})^{2}+\epsilon_{3}^{2}]$
$|\epsilon_{1}-\epsilon_{2}|\sim O(\epsilon_{1}+\epsilon_{2})$ $|\epsilon_{3}|\geq O(\epsilon)$
$\{(\epsilon_{1}-\epsilon_{2})^{2}+\epsilon_{3}^{2}\}/\{(\epsilon_{1}+\epsilon_{2})^{2}+\epsilon_{3}^{2}\}$
$O(1)$ $(2\alpha_{1},2\gamma_{1}),$ $(2\alpha_{2},2\gamma_{2})$ , $(2\phi_{1r}, 2\phi_{2r} )$ 2 line solitons
$|\epsilon_{1}-\epsilon_{2}|/(\epsilon_{1}+\epsilon_{2})\ll 1$ $|\epsilon_{3}|/(\epsilon_{1}+\epsilon_{2})\ll 1$ ( $\ovalbox{\tt\small REJECT}$ $\grave$Q
$s_{2}$ $A_{1}$ $O(\epsilon_{3})$ ),
$L_{L}$ $O(1)$ $L_{1}^{2}L_{2}^{2}$
$f \simeq e^{2\xi_{2}^{\sim}}\{1+\frac{2L_{2}}{\sqrt{M_{1}M_{2}}}e^{\xi_{1}^{\sim}-\xi_{1}^{\sim}}\cos(\eta_{1}-\eta_{2}+\varphi_{2})+e^{2(\xi_{1}^{\sim}-\xi_{2}^{\sim})}\}$ . (35)
$\tilde{\xi}_{1}=(\sqrt{M_{1}}/2)e^{\xi_{1}},\tilde{\xi}_{2}=(\sqrt{M_{2}}/2)e^{\xi_{2}}$ $L_{2}/\sqrt{M_{1}M_{2}}$ $O(1)$
2 quasi-line solitons 5
lquasi-hne sohton 2quasi-line soliton 1 2





2-hne-sohton (34) $\epsilon_{3}$ $\epsilon_{1}arrow 0$ $\epsilon_{2}arrow 0$
$\{(\epsilon_{1}-\epsilon_{2})^{2}+\epsilon_{3}^{2}\}/\{(\epsilon_{1}+\epsilon_{2})^{2}+\epsilon_{3}^{2}\}arrow 1$ 2 2-line-sohton
2 quasi-line solitons (growing-and-decaying $($GD$)$ mode)
line soliton GD
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5: 2 quasi-line solitons
2-line-soliton
$\phi_{1i}=\phi_{2i}=\phi_{i},$ $\theta_{1r}=\theta_{2r}$ $\theta_{1i},$ $\theta_{2i}$ $\phi_{1r}$
$\theta_{1i}=\frac{\phi_{1r}}{2}+\epsilon_{1}$ , $\theta_{2i}=\frac{\phi_{2r}}{2}+\epsilon_{2}$ , $\phi_{1r}=\pi-(\phi_{2r}+2\epsilon_{4})$ , (36)
$\epsilon_{2}-\epsilon_{1}=\Delta_{1}\epsilon_{2}$ , $\epsilon$4- $\epsilon$2 $=\triangle_{2}\epsilon_{2}(|\Delta_{1}|\ll 1, |\Delta_{2}|\ll 1)$ $\alpha$1- $\alpha$2 $=O(\Delta_{1}\epsilon_{2})$ ,
$\gamma_{1}-\gamma_{2}=O(\Delta_{1}\epsilon_{2}),$ $\beta_{1}-\beta_{2}=O(1)$ $\delta_{1}-\delta_{2}=O(1)$ (36) (22) (23)
$L_{1}e^{i\varphi_{1}}$ $L_{2}e^{i\varphi_{2}}$
$L_{1}e^{i\varphi_{1}} \simeq\frac{\cos\phi_{2r}}{\sin\phi_{2r}+isiffi\phi_{i}}\cdot\triangle_{1}\epsilon_{2}$, (37)
$L_{2}e^{i\varphi_{2}} \simeq\frac{\sin(\phi_{2r}-i\phi_{i})}{(2-\triangle_{1})\epsilon_{2}}$ . (38)
$L_{1}^{2}L_{2}^{2}$




[19]. $(\beta_{1}-\beta_{2}, \delta_{1}-\delta_{2})$ , $\pi-2\phi_{2r}$ GD
2 quasi-line solitons GD
6 GD AB GD AB
$M$ $\hat{\xi}_{1},\hat{\xi}_{2}$ $O(1)$ $\tilde{\xi}_{1},\tilde{\xi}_{2}$ $\hat{\xi}_{1}=\sqrt{L_{1}L_{2}}\tilde{\xi}_{1},\hat{\xi}_{2}=\sqrt{L_{1}L_{2}}\tilde{\xi}_{2}$
$M$ $f$
$f= \frac{e^{_{1}}}{L_{1}L_{2}}[1+\frac{2L_{2}}{\sqrt{M_{1}M_{2}}}e^{\xi_{1}-\xi_{2}}\cos(\eta_{1}-\eta_{2}\wedge\wedge+\varphi_{2})+e^{2(\xi_{1}-\xi_{2}^{\wedge})}\wedge]$ , (42)
$\hat{\xi}_{2}-\hat{\xi}_{1}=(\Omega_{1r}-\Omega_{2r})t+\sigma$ . GD $f$ 7 2
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$t$
6: 2 quasi-line solitons GD
7: 2 quasi-line solitons GD
quasi-line solitons GD [19]. 1
2 $\ln(L_{1}L_{2})/\sqrt{\alpha^{2}+\gamma^{2}}$ GD 2
2 quasi-line soliton GD
2-lin -sohton
5 KP I quasi-line soliton
$(\alpha+i\beta, \gamma+i\delta)$ KP I [3],
$u=2 \frac{(\alpha^{2}-\frac{\beta^{2}}{D})+\frac{\alpha^{2}-\beta^{2}}{\sqrt{D}}\cosh\xi\cos\eta+\frac{2\alpha\beta}{\sqrt{D}}\sinh\xi\sin\eta}{(\cosh\xi+\frac{1}{\sqrt{D}}\cos\eta)^{2}}$ , (43)
$\Omega_{r}=\alpha^{3}-3\alpha\beta^{2}-\frac{3}{\alpha^{2}+\beta^{2}}(\alpha\gamma^{2}-\alpha\delta^{2}+2\beta\gamma\delta)$, (44)
$\Omega_{i}=3\alpha^{2}\beta-\beta^{3}-\frac{3}{\alpha^{2}+\beta^{2}}(2\alpha\gamma\delta-\beta\gamma^{2}+\beta\delta^{2})$ , (45)
$D= \frac{Y^{2}+\beta^{2}}{Y^{2}-\alpha^{2}}$ . (46)
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8: $D$ line sol-iton (a) $D=1.5;(b)D=3.2;(c)D=123$ .
$Y^{2}= \frac{(\alpha\delta-\beta\gamma)^{2}}{(\alpha^{2}+\beta^{2})^{2}}>\alpha^{2}$, (47)
(46) $Y^{2}arrow\alpha^{2}+0$ $D$ $\infty$ $Y^{2}=\alpha^{2}$
(43) (44)
$u= \frac{(2\alpha)^{2}}{2}sech^{2}\frac{1}{2}(2\alpha x+2\gamma y-\Omega_{L}t+\sigma_{L})$ (48)
$2 \Omega_{r}arrow\Omega_{L}=(2\alpha)^{3}-3\frac{(2\gamma)^{2}}{2\alpha}$ . (49)
$Y^{2}arrow\alpha^{2}+0$ hne-soliton 8
$D$ DS I $D$ 100







} $g$ line soliton line
soliton line soliton
quasi-line soliton line soliton
2 quasi-line solitons 9 2
4 $A_{1}$ $A_{1}$ (a), (b)
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